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The problem is considered of determining the distribution of the number of 
nodes in any given component of a forest obtained by removing edges from a 
random tree. 
1. INTRODUCTION 
Let T,, denote a tree with n labeled points. (See Ore [3] for definitions 
not given here.) If some edges of T, are removed the resulting graph 
is a forest of disjoint subtrees of T,, . Let X denote the number of points 
in the subtree containing a given point x (say the point with label 1). 
Our object here is to investigate the distribution of h under the assumptions 
that (1) the tree T, is chosen at random from the set of rPz trees with n 
labeled points, and (2) the edges removed from T,, are chosen inde- 
pendently at random so that any given edge is removed with probability 
p = l/2. In particular, we shall show that the mean E(A) and variance u”(X) 
of h tend to 4 and 16, respectively, as n tends to infinity. 
2. Two IDENTITIES 
Riordan [4, p. 231 has investigated a family of sums of the type 
A,(x, y;p, q) = f  (3 (x + WfZ, (.Y + n - Wk+g. 
k=O 
He showed, among other things, that 
A,(x, y; 1, -1) = y-‘(x + Y + n + &W 
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(1) 
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and 
= JJ-‘Kx + Y + n + P(x; 2))” + (x + Y + 72 + a + y(xNn), (2) 
where the convention is adopted that 
and 
ak = - a k = k!, /3”(x) = pk(x) = k!(x + k), 
EPW 91” = Mx; 2) = EP(x> + Pea”, 
y”(x) = rk(x) = k . k!(x + k). 
We shall need these identities in the special case that x = 0 and y = n. 
Since p”(O) = k . k!, it follows from (1) after some simplification that 
A,(O, n; 1, -1) = 2(2n)“-l f k * (n)b/(2n)k (3) 
k=O 
where (n). = 1 and (n)k = n(n - 1) ... (n - k + 1). Since 
uwt 31” = uw> + B@)l” 
= $o(:)t*t!(k-t)*(k-t)! 
= k! i t(k - t) = k! (” f ‘) 
t=o 
and 
(~+y(0))a=t~(:)t!(k-t)2(k-r)! 
= Qk! k(k + 1)(2k + I), 
it follows from (2) after some simplification that 
A,(O, n; 2, -1) = (212)%-l i k2(k + 1) * @~),/(2n)~. 
k=O 
(4) 
3. THE PROBABILITY THAT X = k 
Let T, denote the subtree containing the point x after a random selection 
of the edges of T, has been removed. There are (tr:) possible choices 
for the k - 1 points of Tk other than x and Tk could be any one of the 
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k”-2 trees with k labeled points. If 1 < k < n, then there are j edges 
in T, that join points of Tk to points not in Tk , for some integer j between 
1 and FZ - k. The probability that these j edges are removed while the 
k - 1 edges of Tk are left intact is (&)j+k-l. We now determine the 
number of trees T, that contain a given tree Tk on k given points and 
such that j edges join points in Tk to points not in TIC . 
Temporarily consider Tk: as a special point y and construct a tree 
T,-s+I whose points are y and the n - k points not in Tk and in which 
the point y is joined to exactly j other points. This can be done in 
n i k 1 ‘) (n - k)“-k-j 
ways, according to a formula due to Clarke [2]. To form a suitable tree T,, 
each of the j edges joined to y must actually be joined to one of the k points 
of Tk . Thus there are 
n-k-l 
j-l 
kj(n _ k)“-k-i 
trees T, of the type we are considering. 
Let P(n, k) denote the probability that h = k when a random selection 
of edges is removed from a random tree T, . Since there are nn-2 possible 
trees T, , it follows from the preceding observations that 
fJ(n, k) = n . (2n)l-” (i 1 :) V-1 nfk (” 511 ‘) kj-l(2n - 2k)“-“-j 
j=l 
(5) 
= (2n)l-” ( l) kk(2n - k)“-“-l 
if 1 < k < n; it is easily verified that the last expression for P(n, k) 
is also valid when k = n. Notice that 
CE P(n, k) = (2 &-k g 
for each fixed value of k. 
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4. THE MEAN AND VARIANCE OF h 
If E(h) denotes the expected value of A, then 
E(X) = -f kP(n, k) 
k=O 
= (2n)l-” i. ( k” ) k”+y2n - k)“-“-1 
= 2 f &h/@?, 
k=O 
by (5) and (3). Now limn+n (n),/n” = 1 for each fixed value of k, and it 
follows from Tannery’s theorem (see Bromwich [l, p. 1361) that 
$5 E(A) = 2 L’. k (;)” = 4. 
Similarly, if E(X2) denotes the expected value of h2, then 
E(X2) = i k2P(n, k) 
k=O 
= (2n)1-n $. ( ;I) kk+2(2n - k)nmk-l 
= i k2(k + l)(n),/(2n)k, 
k=O 
TABLE I 
Values of E(h) and E(P) When p = 4 
n WV E(V n -J-W) W) 
1 1 1 11 2.8918 12.4784 
2 1.5 2.5 12 2.9529 13.1944 
3 1.8333 4 13 3.0073 13.8592 
4 2.0781 5.4062 14 3.0562 14.4779 
5 2.268 6.7 15 3.1004 15.0552 
6 2.4207 7.8837 20 3.2698 17.4455 
7 2.5468 8.9662 25 3.3846 19.2378 
8 2.6530 9.9573 50 3.6539 24.0788 
9 2.7439 10.8673 100 3.8148 27.4826 
10 2.8227 11.7050 200 3.9039 29.5671 
A PROBLEM ON RANDOM TREES 205 
by (5) and (4). We conclude, therefore, that 
?li_mm E(h2) = k’. k2(k + 1) 1;)” = 32. 
Since o”(A) = E(h2) - E2(h), it follows that 
lim a2(h) = 16. n-m 
More generally, if the probability that any given edge of T, is removed 
is p, where 0 <p < 1, then the preceding argument can be extended 
to show that 
P(n, k) = ~(~)~-l(~)kr(~-k)n-c-l, 
lim E(h) = P-~, n+m 
and 
k+% u”(X) = 2(1 - p) p-4. 
The entries in Table I were computed by Professor N. J. Pullman. 
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